The optimal value of slip load is calculated for a frictionally damped turbine blade subjected to random excitation. The nature of excitation is assumed to be Gaussian white noise and the statistics of response are obtained using equivalent linearization approach. The results from this technique are compared with those from numerical simulations. NOMENCLATURE linear damping equivalent linearization coefficients expected value nondimensional excitation force vector slip load nonlinear functions system matrix damper force modal stiffness of the blade damper stiffness modal mass of the blade covariance matrix external excitation (white noise) power spectral density of f o (t) dimensional displacement nondimensional displacement relative displacement (x -z) displacement of the damper spring at the friction contact proportional to slip load proportional to E(x* 2 ) nondimensional damper stiffness E(X 2 ) E(y 2 ) correlation coefficient Friction dampers (Plunkett, 1980; Muszynska and Jones, 1983 ) are used to reduce resonant vibratory stresses in gas turbine engines. These devices are specifically designed (Griffin, 1980; Srinivasan and Cutts, 1983) to provide links between points experiencing relative motion caused by vibration; e.g., turbine blade-to-ground damper ( Figure 1) . In all the previously cited papers, one of the main objectives has been to determine the normal load at the friction joint for which the amplitude of vibration will be minimized. Also, all these analyses are based on the assumption that the nature of excitation is deterministic and sinusoidal. However, in some cases, the intensity of random pressure fluctuations in engines may not only be very high but also distributed over a wide band of frequencies (Whitehead, 1960) . Therefore, turbine blades can experience random loads (Sogoliero and Srinivasan, 1980) and the optimization of slip load on the basis of deterministic harmonic excitation may not be adequate. Hence, the issue of determination of optimal slip load is addressed in this paper for a frictionally damped turbine blade subjected to random excitation.
The model used for the investigation, depicted in Figure 2 , represents the fundamental mode of a blade with massless, flexible blade -to-ground friction damper. The nondimensionalized form of this model is shown in Figure 3 , and the nondimensional variables in this figure are described as follows:
fo ( Except for the random nature of excitation, this model is the same as that developed by Griffin (1980) . The damper stiffness kd is found to be smaller than k in many applications. Consequently, E is taken to be less than 0.4 (Sinha and Griffin, 1984) in this paper. The damping factor, c, is used to represent other sources of damping such as aerodynamic and material damping. From engine experience, c is small and is assumed to be equal to 0.01 in the present study. The external excitation is assumed to be a white noise and is characterized by f o , the ratio of external excitation (Q) and slip load (Fd). With this nondimensionalization, the slip load is equal to e and the damper first slips when the magnitude of the mass's displacement is greater than one. The equations describing the dynamics of system depicted in Figure 3 contains a stochastic input and an elasto-perfectly plastic type of nonlinearity; i.e., a = 0 in Figure 4 . For such systems, analytical calculation of the statistics of response has been described to be a difficult task (Caughey, 1960; Lutes, 1968 and Wen, 1980) . Recently, Asano and Iwan (1984) have developed a technique on the basis of an equivalent linearization approach (Atalik and Utku, 1976) in which the coefficients of linearized system arg directly obtained as algebraic functions of the statistics of response. The validity of this technique has been shown at a = 0.1 for a single-degree of freedom model of yielding structures. In this paper, the accuracy of this technique is studied for the system shown in Figure 3 with a = 0 and E S 0.4. It is found that the results from the analytical technique compare reasonably well with those from numerical simulations. Consequently, the slip load, at which the mean square displacement, E(x* 2 ), is minimized, is calculated using this technique. This slip load is described as optimal because E(x* 2 ) is a measure of vibratory stress level in the turbine blade. The higher the value of E(x* 2 ), the greater is the probability of having a larger value of peak amplitude of vibration (Sogoliero and Srinivasan, 1980) . First, the analytical technique used to calculate the statistics of response is described. Next, results from this technique are compared to those from numerical simulations. Lastly, optimal values of slip load are calculated.
GOVERNING DIFFERENTIAL EQUATIONS OF MOTION
In Figure 3 , the force in the damper spring, h, depends on x, X and the relative displacement, y. It can be represented (Asano and Iwan, 1984) as
where
Here, u ( ) is a unit step function; i.e., u(n) = 1 if n > 0 (7) 0 if n< 0 Thus, governing differential equation can be written as follows:
Note that these differential equations are nonlinear because of functions g1 and g2. The excitation, f o (t), is a Gaussian white noise.
ANALYTICAL TECHNIQUE TO CALCULATE RESPONSE

COVARIANCE MATRIX
The analytical technique developed by Asano and Iwan (1984) is used to calculate the response covariance matrix. In this method, the nonlinear equations (8) and (9) are reduced to the following equations using the method of equivalent linearization:
The coefficients C1-C4 are defined as follows:
where E ( ) is the expected value. These coefficients are evaluated by assuming a joint Gaussian probability distribution of the multi-dimensional response process and are presented in the Appendix.
Introducing the following state variables xi = x, x2 = x, and x3 = y, the equations (10) -(11) can be written as a system of first order differential equations as follows:
and GP + PGT + B = 0 (18) Note that P is a symmetric matrix. As a result, equations (18) represent six nonlinear algebraic equations. However, one of the equations simply yields E(ix) = O. Therefore, five equations are numerically solved to determine E(x 2 ), g(k2),g(y2), E(xy) and E(ky).
COMPARISON WITH NUMERICAL SIMULATIONS
For a given power spectral density of the excitation, equations (18) can be solved to evaluate the matrix P. In order to verify the accuracy of these results, the statistics of response are also calculated by numerical integration of the system of differential equations (8) and (9). The IMSL subroutine GGNML (IMSL, 1984 ) is used to generate the Gaussian white noise. It essentially yields a sequence of numbers which have Gaussian distribution with zero mean and specified standard deviation u. Each number represents the load which is held constant for a small time interval AT to facilitate the numerical integration of differential equations. In this case, the power spectral density of C o is given as follows (Meditch, 1969) :
In Figure 5 , numerical results are presented for a = 1, c = 0.2, and o = 0.01. The response is generated at 35000 instants with AT = 0.1 and initial conditions equal to zero. These 35000 data are represented as seven batches of 5000 successive data where each of these batches is considered to be the result of an independent simulation run (Deo, 1980) . Therefore, E(x 2 ) has been computed for each of seven batches separately. In this case, the excitation level is so low that the damper never slips; i.e., the system remains linear and exact solution of E(x 2 ) can be found (Papoulis, 1965) . It can be seen that the exact solution compares well with the average of seven values of E(x 2 ) obtained from numerical simulations. In Figure 6 , numerical results are presented for a = VT, s = 0.2 and q = 0.01. Again, seven values of E(x 2 ) are obtained using seven successive batches of 5000 data. For this value of a, the damper slips and the system is nonlinear. However, the results are similar to those presented in Figure _5 . In Figure 7 , results are presented for a = 155. It is found that the values of E(x 2 ) fluctuate around the analytical result. Nevertheless, E(x 2 ) obtained using all 35000 data is close to the analytical result. However, as the value of a (or S o ) is further increased; e.g. a = 12.0, the analytical value of E(x 2 ) turned out to be considerably smaller than results obtained from numerical simulations. The analytical method seems to be overestimating (Caughey, 1960) the friction damping by a large amount at this high value of S o .
whe r e Y (E(x2)) 1/2 (1_0/E (24)
Thus, (E(x* 2 )) 1 / 2 which is a measure of the vibratory stress level in the airfoil is proportional to Y for a fixed S o . The variable is proportional to the slip load, Fd. It is interesting to note that the damper may not slip if B is extremely high; e.g., Figure 5 . In this case, the system is linear and Y turns out to be a constant as follows:
The objective is to choose a slip load that would minimize the mean -square displacement, E(x* 2 ), for a given value of S q . Therefore, the values of E(x 2 ) are computed for different values of S o (< (So)cr) using equations (18). Then, Y is plotted against B; e.g., Figure 8 for E = 0.1 and 0.2. This figure yields the optimal value of slip load (B op t) for which Y is minimized. Furthermore, this optimal slip load can be calculated from the analytical technique because Bopt is greater than B or . ((So )cr1/2).
At a higher value of E, analytically obtained Bopt may be lower than acr; e.g., Figure 9 for E = 0.4. In this situation, the optimal value of slip load would ideally correspond to acr-However, it should be chosen to be greater than B or to ensure some margin of safety. 
Similarly, using equation (1) (E(x*2)) 1/2 = y s q 1/2/k It is found that the analytical technique yields reasonably accurate results, provided the slip load is above a certain critical value, Bor. The value of 13" depends on s. The higher the c, the greater is the value of (3 cr • Using the analytical technique, the optimal value of slip-load (3opt), at which the mean -square displacement, (E(x* 2 )), is minimized, has been calculated. At c = 0.1 and 0.2, the values of iSopt are lower than aforementioned critical values. Consequently, optimal slip load can be calculated using the analytical technique for these values of s. However, at a higher E, B cr can exceed the analytical value of optimal slip load, Figure 9 . In this case, the slip load should be chosen slightly larger than its critical value to guarantee some margin of safety.
It is found that the damping provided by the friction damper is greater for a larger e at the optimal slip load. From a design point of view, c and the damper's effectiveness can be increased by either increasing its physical stiffness or increasing the blade's relative displacement at the point of damper contact (Figure 1 ).
7. ACKNOWLEDGEMENT Lastly, Y corresponding to the optimal slip load, (Yopt)' opu), is considered as a function of E. It is found that the higher the value of c the smaller is the value of Yopt or E(x* 2 ), Figures 8 and 9. If there is no slip (or dissipation of energy) at the friction joint, it is obvious that Y will be smaller for an increase in s, equation (25) . However, the ratio R (= 'YoptlYstuck) is also smaller at a higher value of E; e.g., R = 0.71, 0.59 and 0.48 for c = 0.1, 0.2, and 0.4 respectively. Since the ratio R can be described as a measure of the energy dissipated at the friction joint, it can be concluded that the damping provided by the friction joint is greater for a larger s at the optimal slip load. From a design point of view, s (=kd/(k+kd)) and the damper's effectiveness can be increased (Sinha and Griffin, 1983) by either increasing its physical stiffness or increasing the blade's relative displacement at the point of damper contact. For example, for a blade-to-ground damper, the platform to blade tip displacement ratio can be increased by lengthening the extended neck ( Figure  1 ).
CONCLUSIONS
The technique developed by Asano and Iwan (1984) has been used to calculate the statistics of response of the single-degree of freedom model (Figure 3 ) of a frictionally damped turbine blade subjected to random excitation. The nature of excitation is assumed to be Gaussian white noise. The coefficients Cl, C2 and C4 can be easily calculated.
The computation of C3 requires numerical evaluation of an infinite integral. However, it can be approximated by the following relation (Asano and Iwan, 1984) : 
